We study small Seifert possibly chiral cosmetic surgeries on not necessarily null-homologous knot in rational homology spheres. Using P SL2(C)-character variety theory we give a sharp bound on the number of slopes producing the same small Seifert manifold if the ambient manifold satisfies some representation theoretic conditions.
Character varieties
Let M denote a compact orientable 3-manifold which is irreducible and boundary irreducible with boundary consisting of a single torus. Typically M would be the knot exterior Y K in the introduction. We recall that irreducible means every embedded 2-sphere bounds a 3-ball and boundary irreducible means every simple closed curve on ∂M which bounds a disk in M bounds a disk in ∂M . A properly embedded surface in M will be called essential if it is not boundary parallel, it is not a 2-sphere and is π 1 -injective. We say that M is small if it does not contain closed essential surfaces. A slope is the isotopy class of a simple closed curve on ∂M . Since M is boundary irreducible, π 1 (∂M ) ֒→ π 1 (M ) therefore using the fact that H 1 (M ) ∼ = π 1 (∂M ) we will think of a slope as both being an element of H 1 (∂M ), π 1 (∂M ) or π 1 (M ). A slope will be called "boundary slope" if it corresponds to the boundary of an essential surface. It will be called strict boundary slope" if it corresponds to the boundary of an essential surface which is not a (semi) fibre in any (semi) fibration of M over S 1 .
The P SL 2 (C)-representation variety of M is the set R(M ) := hom(π 1 (M ), P SL 2 (C)) equipped with the compact-open topology. It consists of representations of π 1 (M ) to P SL 2 (C). The space R(M ) has the structure of an affine complex algebraic set [8] . The group P SL 2 (C) acts algebraically on R(M ) by conjugation. Two representations are called equivalent if they are conjugate to each other. If two representations are equivalent then they belong to the same irreducible component of R(M ) [8] .
The set of equivalence classes of representations corresponds to the quotient R(M )//P SL 2 (C), where the quotient is taken in the algebraic geometric category. In order to understand this set, Culler and Shalen introduced the P SL 2 (C)-character variety of M using the trace function. For each representation ρ ∈ R(M ), the P SL 2 (C)-character of ρ is the map χ ρ defined by
The set of all characters X(M ) = χ ρ | ρ ∈ R(M ) is also a complex algebraic set in a natural way such that the following map is regular, in the sense of algebraic geometry,
Moreover its corresponds to the quotient R(M )//P SL 2 (C) [8] . Let R irr (M ) be the subset of irreducible representations and let X irr (M ) = t R irr (M ) . The spaces R irr (M ) and X irr (M ) are Zariski open subsets of R(M ) and X(M ) respectively [8] .
For each γ ∈ π 1 (M ) we consider the function defined by
The function f γ is a regular function and the zeros of f γ are the characters of representations ρ for which ρ(γ) is parabolic or ρ(γ) = [±Id]. We will use the same notation f γ for the restriction of f γ to a curve
Let X 0 ⊂ X(M ) be a non-trivial irreducible curve component. Here non-trivial means that it contains the character of an irreducible representation. Let X 0 be the normalized projective completion of X 0 .
There is an isomorphism between function fields
We can then define the degree of f to be the degree of f . For x ∈ X we denote by Z x ( f γ ) the multiplicity of x as a zero of f γ . By convention
We can also think of Λ as a lattice in H 1 (∂M, R). An element γ ∈ Λ satisfies [14] ,
The degree is finite if f γ is non-constant on X 0 . The key property of deg( f γ ) is that for each curve X 0 ⊂ X(M ) it defines a semi-norm ||.|| X0 on H 1 (∂M, R) which for each γ ∈ Λ satisfies [3, 14] 
This semi-norm is called the Culler-Shalen semi-norm associated to the curve X 0 .
Note that if B k is the ball of radius k centred at the origin, then B k can be viewed as the unit ball for the norm 1 k ||.|| X0 therefore B k has the same properties as the unit ball. Some of these properties are [3, Proposition 5.2, Proposition 5.3]: if it is a norm then the unit ball is a balanced convex polygon and if it is not a norm but is a non-zero semi-norm them the unit ball is an infinite band.
Let X 1 , · · · , X k be all the non-trivial irreducible curve components in X(M ). We can define an "absolute" semi-norm ||.|| on
We will call this semi-norm the absolute semi-norm.
There is a unique 4-dimensional subvariety R 0 ⊂ R(M ) for which t(R 0 ) = X 0 , see [3, Lemma 4.1] . If ρ(α) = ±I for some slope α, then we have an induced representation ρ
Let ν : X ν 0 := X 0 \ {ideal points} −→ X 0 be the map which corresponds to the affine normalization of X 0 . There is an affine normalization R ν 0 −→ R 0 , which we still denote by ν, such that the following diagram commutes.
The map t ν and ν are all surjective, see [7] .
Let N ⊂ P SL 2 (C) denote the subgroup
For each γ ∈ π 1 (M ) we are going to consider the following subset of X(M ):
ρ is non-abelian and conjugates into N .
ρ is non-abelian and does not conjugates into N } .
Note that elements of A(γ) must be irreducible but not necessarily those of B(γ).
The following Theorem and proposition relate Z x ( f α ) and Z x ( f r ) for two slopes α and r when x ∈ X 0 is a regular point.
Theorem 2.1.
[1] Fix a slope α on ∂M and consider a non-trivial, irreducible curve X 0 ⊂ X(M ).
Suppose that x ∈ X 0 is not an ideal point and corresponds to a character χ ρ for some representation ρ ∈ R 0 with non-abelian image and which satisfies ρ(α) ∈ {±I}. Assume that H 1 (M (α); Ad ρ ) = 0 and ρ(π 1 (∂M )) {±I}.
1. If β ∈ π 1 (∂M ) and ρ(β) = ±I, then
The condition ρ(π 1 (∂M )) {±I} may not be satisfied in general. For it to be true we will assume the auxiliary assumption that the manifold Y has only diagonalisable P SL 2 (C) representations.
Proposition 2.2. [7]
Let α and β be non-zero elements of Λ. Suppose that x is a point of
When we have zeros at ideal points we have the following property.
Proposition 2.3.
[7] Let x be an ideal point of X 0 . Let α and β be non-zero elements of Λ. Suppose that α is primitive and is not a boundary class, and that
Then there is a closed essential surface in M which is incompressible in M (α).
3 Proof of theorem 1.1
From now on we consider the case M = Y K the knot exterior described in the introduction.
Lemma 3.1. Assume that rank Z (H 1 (Y K )) = 1. Then for each ordinary point x ∈ X 0 there is a representation ρ ∈ R 0 , with non-abelian image, such that χ ρ = ν(x). 
any character in a non-trivial curve inside X(Y K ) is non-trivial, in particular any element of Z 0 is nontrivial. The same Proposition 2.8 of [4] applied to π 1 (Y K ) implies that if a character z ∈ Z 0 is non-trivial then there is a representation ρ ∈ S 0 ∩ t −1 (z) with non-abelian image. Since for each x ∈ X 0 , ν(x) ∈ X 0 we can take z ∈ π −1 (ν(x)) to get such a representation ρ and then take the corresponding P SL 2 (C) representation ρ. 
. Then there is a one to one correspondence between A(s) and A(r), and between B(s) and B(r),
, and p r : π 1 (Y K ) → π 1 (Y K (r)) be the obvious projections. Let χ ρ ∈ A(s), we have a representation Φ s (ρ) :
We also have an equivalent representation Φ r (ρ) : Y K (r) → P SL 2 (C) for the r-case. Let ρ ′ be the composition
The maps p r , p s and Ψ are all surjective so imρ = imρ ′ . In particular if ρ does not conjugate into N then neither does ρ ′ , and if ρ is irreducible then so is ρ ′ . The representation ρ ′ satisfies ρ ′ (r) = ±I by construction. Next we need to check that if χ ρ1 = χ ρ 2 then χ ρ
We first assume that χ ρ 1 is an irreducible character. Therefore ρ 2 = g ρ 1 g −1 for some g ∈ SL 2 (C). Then we deduce that
and ρ is reducible .
We then have a well defined map
The map F sends A(s) to A(r), and B(s) to B(r). The next step is to extend F to the reducible representations.
Now assume x = χ ρ 1 = χ ρ 2 is a reducible character. By analogy with [4] there exists a representation a :
If ρ 1 and ρ 2 are conjugate, by the same argument as for irreducible characters
. Assume that ρ 1 and ρ 2 are not conjugate. Without loss of generality we can suppose that
Since Φ(ρ i ) and ρ i , i = 1, 2 have the same image we can use the same matrices to represent Φ(ρ i ), i = 1, 2. Hence
It follows that trace(ρ
Thus F is well defined on the set of reducible characters.
Finally, we show that F is bijective. If ρ ′ ∈ X irr (r) (resp. X red (r)) , we get ρ ∈ X irr (s) (resp. X red (s))
as follow: we first define Φ s (ρ) to be Φ s (ρ) = Φ r (ρ
This uniquely determine ρ, therefore the map F is bijective.
Lemma 3.4. Let s be a slope on ∂Y K which is not a boundary slope. Assume that
Proof. It is known from [6] that X(Y K ) has no 0-dimensional component. Let X 1 , · · · , X k be the curve components of X(Y K ). Since Y K is small X(Y K ) is the union of these components. If s ∈ Λ is not a boundary slope, then Lemma 3.2 allows us to write the X i -norm of s in terms of the zeros of f s | Xi for each i ∈ {1, · · · , k}
Let X be the abstract disjoint union of all the X i , i ∈ {1, · · · , k}, then we have the following formula for the absolute semi-norm
where f s is understood to be the restriction to the appropriate component. Let x ∈ X, we define the number m x and m 0 to be
We can then deduce
Let us suppose that x is an ideal point of
Since s is primitive and is not a boundary class, Lemma 2.3 implies that there is a closed surface in Y K which is incompressible in Y K (s). This situation does not occur if we assume Y K (s) is small-Seifert with b 1 (M (s)) = 0. Therefore we always have Z x ( f s ) − m x = 0 at an ideal point.
Let x ∈ X be an ordinary point, x is contained in some X 0 and by Lemma 3.1 there is a representation ρ ∈ R 0 with non-abelian image, such that χ ρ = ν(x). Letρ = ν −1 (ρ), we have the following equality
The normalization map ν : X ν 0 → X 0 is an "isomorphism" outside singular points, so if x is a smooth point then t ν (ρ) = x. This smoothness is provided by Theorem A of [4] . A direct consequence of this is that for an ordinary point x, ν(x) is contained in only one irreducible component. Therefore if we consider instead of X, the "natural" union X 1 ∪ · · · ∪ X k , we can write the absolute semi-norm of s as 
